In this article, using non-polynomial cubic spline we develop the classes of methods for the numerical solution of singularly perturbed two-point boundary-value problems. The purposed methods are secondorder and fourth-order accurate and applicable to problems both in singular and non-singular cases.Numerical results are given to illustrate the efficiency of our methods and compared with the methods given by different authors.
Introduction
We consider a second order singularly perturbed boundary value problem − y + P (x)y = f (x), 0 < P (x) < P (1), y(0) = A, y(1) = B,
where A, B are given constants and is a small positive parameter such that 0 < ≤ 1 and P (x), f(x) are small bounded real functions.The application of spline for the numerical solution of singularly-perturbed boundary-value problems has been described by many authors [1, [5] [6] [7] [8] . In the present paper, we describe a three-point formula based on non-polynomial cubic spline. In section 2, we first derive the formulation of our spline function approximation, in section 3, we developed our methods. in section 4, truncation error and classification and finally in section 5 application of methods to two examples are given.
Spline function approximations
Let us consider a uniform mesh with knots Δ :
, which interpolates y(x) at the knots {x k }, depends on a parameter τ > 0 is called a parametric spline function,and reduces to a cubic spline function in the interval [
Solving the differential equation (2) on [x k−1 , x k ] and determining the constants of integration from the interpolatory conditions at x k−1 and x k , we obtain [2] . By using the continuity of the first derivative at x k we obtain the following useful spline relation:
where
The method , N being a positive integer the spline approximation on [0,1] that consist of the nodal points
by using spline's second derivative we have
substitute (5)- (7) in (4) we have
Finally we have the following system
(αh
Truncation error
By expanding equation (8) in Taylor's series about x k we obtain
By choosing different values of α and β provided that α + β = , we can obtain the classes of second order methods. , T k = O(h 6 ) then the resulting method is the fourth-order method.
Numerical illustrations
We have solved the following singularly perturbed boundary value problems. These examples have been solved using the method (8) for α = 1 12
, β =
12
and different values of h, numerical solutions are computed and compared with the exact solutions at grade points. The maximum absolute errors (E = max |ȳ i − y i |) in numerical solutions are tabulated in tables 1 and 2.
Example 1.
with the exact solution,
This problem has been solved using the method (8) , ..., 1 128 the maximum absolute errors in solutions are tabulated in table (1) and compared with the results in [1, [6] [7] [8] which show the accuracy of our methods.
Example 2.
with the exact solution, y(x) = 40x(1 − x) This problem has been solved using the method (8) with different values of N = 16, 32 and = 0.1×10 (−3) , ..., 0.1×10 (−9) the maximum absolute errors in solutions are tabulated in table (2) and our results compared with the results in [2] [3] [4] the results satisfy the superiority of our methods.
Table 1
The maximum absolute errors E in solutions of problem 1 our method 
